
 There are several families of subgroups that every
group has that depend on its structure

CentralizersandNovmalizers

let G be agroup and AEG a subset not necessarily a

subgroup

Def The centralizer of A denotedCa A is theset of

elements of G that commute w all elements of A

i e Ca A goGIgag a t a cA

Note that gag a ga ag

Chaim Ca A E G

PI I C GCA so it's nonempty

If x y cCa A we want to show xy c c A as well

let a cA Then ya ay a y ay

x ax x y lay x

a xy 1 a yx xy
1 a xy J



Thus xy cCa A so it's a subgroup D

Ex l Ca l G since everything commutes w the identity

2 From the homework if h 2k

turn CDufrk Dan and CpanDan l rk

The subgroup Ca G is the set of elements that commute
with every element of G and is denoted 2 G
It is calledthe cuter of G

Note that 2 G G to G is abelian

Ex From the homework if he23 thin

If h 2k then 7 Dm l th

If h is odd 2 Den l

Det Define gAg t gag la cA The normalizer of A
in G is the set Na A g cGlgag I A

It will be clear soon why it's called the normalizer
and why it's useful



The normalizer is also a subgroup of G proofis nearly
identical to the one for the centralized

Notice Being in the normalizer of a set is weaker than

being in its centralizer That is

it g e Ca A then gag a f a cA so

gAg A Thus geNa A Ca A ENDA

Ex Consider 1 12 13 23 C 2 3 I 32

let A 1 12

What is Cs A Well by Lagrange's Theorem see HW3

ICs A1 6 But also 2 6 A since AEcs A

So Cs A 1 2 or 6 but I 2 13 t l 3 12

Theysend 1 different places so Cs A A

For the normalizer of A o e Ns A iff
I 2 o t o l O 12 I

i
o I 2 o iz But this would imply a GCA

so Ns A g A



EX Consider D8 again let A I n r2 r

By Lagrange's Theorem since Sr Rs ICD A1 4
So CD A A

However this means ND A CD A or Dr
Sr's Sir i r

i
c A so s cND A so ND A Dr

stabilizersofgroupactions

Notice that the centralizer and normalizer are

subgroups determined by G acuting on subsets of

itself by conjugation we'll come back tothis shortly

We can generalize these subgroups to arbitrary group
actions

Let G be a group acting on a set A

Def let aeA The stabilizer of a in G is the set

Ga go.ca g.a a

Claim Ga EG



PI l a a so Gat If x y cGs Then

x
1
a x x a 1 a a so X Gs

xy a a so GateG D

Ex Let G Sy Consider the action of G on 1 2.3.43

given by a a _0cal What is Gy

G consists of cycle decompositions that don't contain4
i e Gy 1 12 13 23 123 132 Note that
this is natural isomorphic to Ss

Def The kernel of a group action is g c G g a at a cA

Note that this is the set of all elements of g that
act as the identity on A

i e if 6g A A is defined as before as g a g a

then the kernel is the set of g s t g identity

In other words the kernel of thegroup action is equal to
the kernel of the map we defined

G SA by g te og

So the kernel of the group action is equal to thekernel
of a group homomorphism so it must be a subgroup



Just as before the action is faithful its kernel

Conjugationasagwupaction

let G be a group let S P G thesetof all subsets of
G

let G act on 5 by conjugation That is if A cS
define g A gag heGI h gag forsome AEA c S

Chaim This is in fact a group action

PI If Ac S then 1 A A

For g he G we have

gh A gh A gh gh A h g k k ghah g somearea

g hah g g hah g hA D

Now for any subset A EG wehave A c P G

So Ga g gag A Na A That is

The normalizer of A is equal to the stabilizer of A
under the action of conjugation

We can also act on individual elements by conjugation



Chaim G acts on itself by g a gag
1

If I a a and if g heG

Cgh ae gh a gh ghah g g h.a g g h.al.D

Note that the kernel of this action is exactly

g cG gag t.at a cG Z G

Moreover for anysubset AEG Na A acts on A
by conjugation by construction

Then the kernel of this action is

g cNaca gag a V a EA Na A n ca A
But Ca A ENa A so

The kernel of the action of Na A on A by conjugation is
equal to Ca A


